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Abstract Following our previous work this article reports a study on the stability of 
the 18-fold symmetry soft-matter quasicrystals, in which the extended free energy is a 
basis for the analysis that is similar to the study of the 12-fold symmetry quasicrystals. 
Due to the differences in structure between these two kinds of quasicrystals, their 
stabilities present some different characters to each other. Because there were no any 
results of the stability of 18-fold symmetry soft-matter quasicrystals reported yet, 
perhaps the present work is the first probe on the topic. 
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1. Introduction 
Based on an extended free energy in Ref [1]the authors explored the stability of 
12-fold symmetry soft-matter quasicrystals, which belongs to the first kind of 
soft-matter quasicrystals [2]. It is well-known the 18-fold symmetry soft-matter 
quasicrystals were observed in colloids [3].The 18-fold and possible discovered 7-, 9- 
and 14-fold symmetry quasicrystals belong to the second kind of soft-matter 
quasicrystals [4]. So the study on stability of 18-fold symmetry soft-matter 
quasicrystals is significant and different from that of the first kind of soft-matter 
quasicrystals. Based on the authors’ detection, there were no any reported results of 
the stability for 18-fold symmetry soft-matter quasicrystals yet; perhaps the present 
work is the first probe on the topic. 
Lack of research on stability of 18-fold symmetry soft-matter quasicrystals may 
be due to incomplete data of three-dimensional dynamics of the matter, for example, 
the constitutive law of the material is only for the two-dimensional case [5-7]. 
Although we derived the three-dimensional equations of dynamics of soft-matter 
quasicrystals, they just are for the first kind of ones [8] not including the second kind 
of ones, and the three-dimensional theory for 18-fold symmetry quasicrystals has just 
been obtained by the authors [9]. 
Lifshitz and Diamant[10] studied the stability of the 12-fold symmetry soft-matter 
quasicrystals in 2007 soon after the structure was observed. They are the pioneers of 
the work in which the basis is the effective free energy, that suggested by Lifshitz and 
Petrich [11]. Their subsequent studies and other researchers further developed the 
work [12-16]. 
   Fan and his group have carried out the research on generalized dynamics of 
soft-matter quasicrystals [2,4,6-9] over the years, which provide some beneficial 
information to explore the physical background of the stability problem. A concept of 
extended free energy correlating the problem is found. This concept is very simple to 
help us to directly find the stability criterion, and the results are concise. Hence there 
is no need to carry any molecular dynamics simulation or other simulation. In Ref [1] 
the probe on the stability of 12-fold symmetry soft-matter quasicrystals was achieved, 
we obtained a very concise result. In this letter we report the study on stability of 
18-fold symmetry soft-matter quasicrystals. 
 
2. A brief review on some fundamental relations from the dynamics 
of second kind of soft-matter quasicrystals 
We have mentioned in the previous section that the 18-fold and possible 
discovered 7-, 9- and 14-fold symmetry quasicrystals belong to the second kind of 
soft-matter quasicrystals [2], which are different from those of the first kind ones. 
They behave four elementary excitations such as phonons, first phasons, second 
phasons and fluid phonon. The relevant fields are phonon displacement field 
( , , )x y zu u uu ,the first phason displacement field ( , )x yv vv , the second phason 
displacement field ( , )x yw ww and fluid phonon velocity field ( , , )x y zV V VV , 
respectively, in which the z  axis represents the 18- or 7-, 9-,14-axis. 
We define the tensors of phonon train, phason strain and fluid phonon 
deformation rate as follows 
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respectively, in which  
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and the corresponding constitutive law[2] 
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in which ijklC denote the phonon elastic constants, ijklT the first phason elastic 
constants, ijklK the second phason elastic constants, ,ijkl klijr r and ,ijkl klijR R  the 
phonon-first phason and phonon-second phason coupling elastic constants, ,ijkl klijG G
the first-second phason coupling elastic constants [2, 4, 6-9] respectively. They are 
different from those for the 12-fold symmetry soft-matter quasicrystals given in Ref 
[1]. 
 
3. Extended free energy of the quasicrystal system in soft matter  
We define the extended inner energy density 
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(4) 
where the first term denotes energy density due to mass density variation, the quantity 
0/   describes the variation of the mass density, in which 0     and 0  the 
initial mass density, according to our computation in the cases of transient response 
and flow past obstacle of soft-matter quasicrystals [7], 4 30/ 10 10     for 
soft-matter quasicrystals, which describes the fluid effect of the matter and is greater 
10 order of magnitude than that of solid quasicrystals (in this sense we can consider 
for the solid quasicrystals the effect of 0/    is very weak); the second term is one 
by mass density variation  coupling phonons; the third and fourth represent that of 
mass density variation coupling first and second phasons, and ,A,B,C D the 
corresponding material constants, respectively. For quasicrystals C and D should be 
zero refer to [1]. Extending the work of Ref [1] the Hamiltonian 
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is discussed fully in Refs [1,2,4,12,13], in which kinH  denotes the kinetic energy, 
H  the energy due to the variation of mass density, elF  the elastic deformation 
energy consisting of contributed from phonons, phasons and phonon-phason coupling 
and phason-phason coupling, respectively, the detailed definition will be given by 
(6)-(8) in the following.  
From the equations (2) one can obtain the total elastic free energy density 
u v w uv uw vwelU U U U U U U                  (6) which come from phonons, phasons, phonon-phason coupling and phason-phason 
coupling. And the elastic energy will be  
 u v w uv uw vwelF F F F F F F                 (7) 
where u v w uv uw vw, , , , ,F F F F F F represent the strain energies of phonons, first phasons, 
second phasons, phonon-first phason coupling, phonon-second phason coupling, and 
first phason-second phason coupling, respectively: 
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The integrations are taken account on the domain.  
Therefore, the problem of the second kind of quasicrystals is more complex than that 
of the first kind. 
According to the thermodynamics, the extended free energy density is defined by  
ex exF U TS                            (9) 
where exU  the extended inner energy density defined by (4), and  the T absolute 
temperature and S the entropy, respectively.  
 
Lemma  
From (9) and (4)-(6), we have  
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in which the second to fourth equations are equivalent to the elastic constitutive law 
of the material for degrees of freedom of phonons, first and second phasons, and the 
last one is the stability condition of the matter, respectively. Because the formula (4) 
introduced an extended inner energy density, the variation principle containing in 
equations (10) is an extended or generalized variation, note that 0C D    in (4). 
 
4. The positive definite nature of the rigidity matrix and the stability 
of the soft-matter quasicrystals with 18-fold symmetry 
For point group 18 mm of the 18-fold symmetry soft-matter quasicrystals the 
concrete constitutive law is as following 
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the phonon-phason coupling constants = 0ijkl klij ijkl klijr r R R   due to the 
decoupling between phonons and phasons, i.e., 
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for this type of quasicrystals.  
As well as the conventional inner energy density, between stress tensor and 
strain tensor there is an elastic rigidity matrix, for the extended inner energy density 
(4) there is an extended rigidity matrix such as  
1M   
11 12 13
12 11 13
13 13 33
44
44
66
2
2
3
2
3
2
1 2
2 2
3
1 2
3
2
1
1
1
1
1
2
2
2
A B B B
B C C C
B C C C
B C C C
C
C
C
G G
G G
G G
G G
G G K K
G
T T
T T
T
G K K
K
G G K K
K
G G K K
T T
T
T T
                                 



(12) 
Due to the condition in (10) 
2 0exF                           (13) 
this non-negative condition of the second order variation of the extended free energy 
density functional requires the extended rigidity matrix must be positive definite. We 
have the theorem for describing the stability of the soft-matter quasicrystals with 
18-fold symmetry as follows: 
Theorem   
Under the condition (4), the validity of variation (13) is equivalent to the positive 
definite nature of matrix (12) and leads to 
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The proof of the theorem is in straight forward manner, so it is omitted. 
When the conditions (14) are satisfied, the 18-fold symmetry soft-matter 
quasicrystals are stable. This stability takes into account of the effects of fluid, fluid 
coupling phonons, phonons, phasons and the coupling between the first and second 
phasons of 18-fold symmetry soft-matter quasicrystals, more exactly speaking the 
stability depends upon these material constants. These constants can be measured by 
experiments which are similar to that in crystallography [17] and solid 
quasicrystallography [1]. These present simplicity and intuitive character of the 
complexity of stability of soft-matter quasicrystals. This shows the substantive nature 
of the stability of soft-matter quasicrystals. Naturally it explores the structure of the 
matter, because it comes from the constitutive law (11), which is the result of the 
symmetry of the structure---i.e., the result obtained by theory of group and group 
representation of the quasicrystals, refer to [2,4, 6-8].  
4. Comparison and examination  
It is well-known that the 18-fold symmetry quasicrystals in soft matter belong to a 
type of two-dimensional quasicrystals, and in which the phonon field structure 
presents the character of the hexagonal crystals [2,4,6-8]. 
For the special case, as phason field is absent, i.e., 
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and at the same time one takes 0B  and A  being any positive value, then (14) 
reduces to Cowley[17] 
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very small, this may be understood that if the fluid effect is quite weak and no phason 
field, the stability condition (14) is reduced to that of hexagonal crystal system, the 
latter was derived by Cowley[17].  
While for another case, i.e., in the solid quasicrystals of 18-fold symmetry, 
although this type of solid quasicrystals has not been observed by experiments so 
far,the possible structure can be estimated from group theory, then (14) reduces to  
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under condition B=0 and A being any positive value, the inequalities (17) are the 
stability condition of solid quasicrystals of 18-fold symmetry, which are derived by 
the authors and explore the correctness of the dynamics and thermodynamics of 
soft-matter quasicrystals once again. 
   The stability is connected with the positive definite nature of the mathematical 
structure of the dynamics, this is also useful for the numerical solution (e.g. the finite 
element method), which will be discussed in our another paper. 
   The stability is correlated to the phase transition, this is a more important problem. 
For crystals, Cowley [17] gave an analysis, and for quasicrystals, it requires to carry 
out to continue the probe.   
5. Conclusion and discussion 
The theorem can also be given in accordance with the first law of 
thermodynamics, by omitting details we have 
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where exU is defined by (4), which is a quadratic form, the condition 2 0exU   
requires the matrix (12) must be positive definite , so leads to the results (14), i.e., the 
theorem holds. 
In addition, we here should point out that in Ref [1], there was a type error, i.e., 
in (16) of Ref [1] 
exUT
S
   
should be removed. 
By a complete different approach compared with Refs [10-16] this report 
discussed the stability of soft-matter quasicrystals, which is directly based on the 
thermodynamics with the help of generalized dynamics of the matter, and offered 
some quantitative and very concise results, the stability depends only upon the 
material constants, which can be measured by experiments. The correctness and 
precision of the theoretical prediction is examined by results of crystals and solid 
quasicrystals in qualitatively as well as quantitatively (refer to (16) and (17)). In the 
examination through the crystals and solid quasicrystals, we find that the constant A  
can be arbitrary positive number but does not equal to zero, this shows the soft matter 
state cannot be reduced to any solid state phase, so the constant presents an important 
meaning for soft matter. The introducing of the constant A  in studying the 
generalized dynamics of soft-matter quasicrystals can refer to Refs [1,2,4,12,13] in 
detail. The thermodynamics of the matter shows the constant A  becomes more 
important.  
For possible soft-matter quasicrystals with 7-, 9- and 14-fold symmetry the 
stabilities are similar to that given by (14), we will report in other case. 
The work on stability of 12- and 18-fold symmetry quasicrystals found that 
1) The stability of 12-fold symmetry quasicrystals depends upon the fluid effect, 
describing by constant A , fluid coupling to phonons describing by constant B , 
phonons describing by ijklC and phasons describing by ijklK  ; 
2) The stability of 18-fold symmetry quasicrystals depends upon the fluid effect, 
fluid coupling to phonons, phonons and phasons (which are similar to those in[1])  
and coupling between first and second phasons describing by ijklG ; 
3) These constants can be measured by experiments; 
4) The differences between those of 12- and 18-fold symmetry quasicrystals lie 
in their different structures, this is explored by the constitutive laws (i.e., the 
equations (9) in Ref [1] and (11) in this paper), which are determined by the theory of 
group representation. 
5) Due to the combination between thermodynamics and generalized dynamics 
of the matter, approach determining the stability developed by Ref [1] and this paper 
presents systematic, direct and simple features, it is without and needed not using any 
simulation treatment, and the results obtained present bright physical meaning, whose  
correctness, of course, has to be verified by experiments further. 
 
Acknowledgement The work is supported by the National Natural Science 
Foundation of China through the grant 11272053. Tian-You Fan thanks Prof R 
Lifshitz of Tel Aviv University in Israel for presenting the electronic copy of Refs 
[10,12]. Zhi-Yi Tang is also grateful to the support in part of the National Natural 
Science Foundation of China through the grant 11871098. 
 
References 
[1]Fan T Y and Tang Z Y, The stability of 12-fold symmetry soft-matter quasicrystals, 
arXiv: 1909.00312 [cond-mat.soft] 1 Sept 2019. 
[2]Fan T Y, Equation systems of generalized hydrodynamics for soft-m quasicrystals, 
Appl. Math. Mech., 2016, 37(4), 331-347 (in Chinese), arXiv: 1908.06425 
[cond-mat-soft], 18 Aug 2019. 
[3]Fischer S, Exner A, Zielske K, Perlich J, Deloudi S, Steuer W, Linder P and 
Foestor S, Colloidal quasicrystals with 12-fold and 18-fold diffraction symmetry, 
Proc.Natl. Acad. Sci.,2011,108 1810-1814. 
[4]Fan T Y, Generalized dynamics for second kind of soft-matter quasicrystals, Appl. 
Math. Mech., 2017, 38(2),189-199(in Chinese), arXiv:1908.06430 [cond-mat.soft], 18 
Aug 2019. 
[5]Hu C Z, Ding D H, Yang W G and Wang R H, Possible two-dimensional 
quasicrystals structures with six-dimensional embedding space, Phys Rev B, 1994, 49 
9423-9427. 
[6]Yang W G, Wang R H, Ding DH and Hu C Z, Group-theoretical derivations of 
quadratic elastic invariants of two-dimensional quasicrystals of rank five and rank 
seven, J. Phys.: Condens. Matter, 1995, 7 , 7099-7112. 
[7]Fan T Y, Generalized Dynamics of Soft-Matter Quasicrystals---Mathematical 
Models and Solutions, 2017, Beijing, Beijing Institute of Technology Press / 
Heidelberg , Springer-Verlag. 
[8]Fan T Y and Tang Z Y, Three-dimensional generalized dynamics of soft-matter 
quasicrystals, Appl. Math. Mech., 2017, 38(11), 1195-1207 (in Chinese), 
arXiv:1908.06547[cond-mat.soft], 19 Aug 2019. 
[9]Fan T Y and Tang Z Y, Three-dimensional generalized dynamics of soft-matter 
quasicrystals, Appl. Math.Mech., 2017, 38(11), 1195-1207 (in Chinese), 
arXiv:1908.06547 [cond-mat.soft], 19 Aug 2019. 
[10]Lifshitz R and Diamant H, Soft quasicrystals - Why are they stable? Phil. Mag., 
2007,87,3021-3030. 
[11]Lifshitz R and Petrich D M, Theoretical model for Faraday waves with 
multiple-frequency forcing, arXiv: 9704060v2 [cond-mat.soft], 29 Jan 1998. 
[12]Barkan K, Diamant H and Lifshitz R, Stability of quasicrystals composed of soft 
isotropic particles, Phys. Rev. B, 2011,83, 172201. 
[13]Jiang K, Tong J, Zhang J P and Shi A-C, Stability of two-dimensional soft 
quasicrystals in systems with two length scales, Phys. Rev. E ,2015, 92, 042159 . 
[14]Savitz S, Babadi M, and Lifshitz R, Multiple-scale structures: from Faraday 
waves to soft-matter quasicrystals, International Union of Crystallography Journal, 
2018, 5 (3), 247-268. 
[15]Jiang K and Si W, Stability of three-dimensional icosahedral quasicrystals in 
multi-component systems", arXiv:1903.07859 [cond-mat.soft],19 Mar 2019. 
[16]D.J. Ratliff, A.J. Archer, P. Subramanian, A.M. Rucklidge, Which wave numbers 
determine the thermodynamic stability of soft matter quasicrystals?,arXiv:1907.05805 
[cond-mat.soft], 10 Jul 2019. 
[17]Cowley R A, Acoustic phonon instabilities and structural phase transitions, Phys. 
Rev. B, 1976, 13,4877-4885. 
